Abstract. We present a new, elementary proof of Jensen's Theorem on the uniqueness of infinity harmonic functions.
In this short note, we present a new proof of the famous result of R. Jensen [7] , which establishes the uniqueness of viscosity solutions of the infinity Laplace equation
u xixj u xi u xj = 0, in a bounded domain Ω ⊆ R n , subject to a given Dirichlet boundary condition. Other than our use of a well-known equivalence (Theorem 3, below), our presentation is self-contained and elementary. Definition 1. A viscosity subsolution (supersolution, solution) of (1) is called infinity subharmonic (superharmonic, harmonic).
We refer to the survey articles [2, 5] for an introduction to the infinity Laplace equation, as well as the definition of viscosity solution.
Definition 2.
A cone function with vertex x 0 ∈ R n is a function of the form ϕ(x) = a + b|x − x 0 |, where a, b ∈ R. A function u ∈ C(Ω) is said to enjoy comparisons with cones from above if it possesses the following property: for every open V ⊆ R n for whichV ⊆ Ω, and every cone function ϕ with vertex
We say that u enjoys comparisons with cones from below if −u enjoys comparisons with cones from above. Finally, u enjoys comparisons with cones if it enjoys comparisons with cones from above and below.
Our proof of Jensen's Theorem will employ the following result.
Theorem 3 (Crandall, Evans and Gariepy [4] ). A function u ∈ C(Ω) is infinity subharmonic (superharmonic) if and only if u enjoys comparisons with cones from above (below).
Let us now introduce a little notation. For ε > 0 and x ∈ R n , we write B(x, ε) := {y ∈ R n : |x − y| < ε}. Let Ω ε denote the set of points x ∈ Ω for whichB(x, ε) ⊆ Ω. If u ∈ C(Ω) and x ∈ Ω ε , then we denote
We also use the notation
u and u ε (x) := min
Proof. Fix a point x 0 ∈ Ω 2ε . Select y 0 ∈B(x 0 , ε) and z 0 ∈B(x 0 , 2ε) such that
We estimate
Subtracting these inequalities yields
The inequality
Since u enjoys comparisons with cones from above, the inequality therefore holds for every w ∈ B(x 0 , 2ε). Substituting w = y 0 , we obtain
Rearranging terms and using |y 0 − x 0 | ≤ ε, we get
Substituting this inequality into (3), we deduce (2) for x = x 0 .
sup
Proof. Arguing by contradiction, we suppose that (5) is false. By adding a positive constant to u, we may assume that u > 0. For α > 0, we set w := ρ(u) := u + αu 2 . Choosing α sufficiently small, we may assume (5) fails with w in place of u.
We claim that for each x ∈ Ω ε ,
According to (4), (7) u(
Since ρ is strictly increasing on the interval (0, ∞), we have
Since ρ is uniformly convex, we have
Combining the inequalities (7), (8), and (9) yields the claim (6). Now select a point y 0 ∈ Ω ε such that
Pick points y + , y − ∈B(y 0 , ε) such that
Then we have
and similarly
In particular, 
We could just as well have chosen y 0 ∈ ∂Y , so we may assume that S + ε u(y 0 ) > 0. We now deduce a contradiction by comparing (4) with (6) and (12).
Jensen's Theorem ( [7] ). Assume that u, v ∈ C(Ω) are infinity subharmonic and superharmonic, respectively. Then for every ε > 0. We pass to the limit ε → 0 to obtain (13).
More general versions of Lemmas 4 and 5 are presented in [1] , along with applications to the 1-homogeneous infinity Laplace equation and tug-of-war games. We also mention that, in addition to [7] , proofs of Jensen's Theorem have appeared in the papers [3, 2, 6, 8] .
